Correlators and fractional statistics in the quantum Hall bulk 
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We derive single-particle and two-particle correlators of anyons in the presence of a magnetic 
field in the lowest Landau level. We show that the two-particle correlator exhibits signatures of 
fractional statistics which can distinguish anyons from their fermionic and bosonic counterparts. 
These signatures include the zeroes of the two-particle correlator and its exclusion behavior. We 
find that the single-particle correlator in finite geometries carries valuable information relevant to 
experiments in which quasiparticles on the edge of a quantum Hall system tunnel through its bulk. 



Given the increasing interest in topological quan- 
tum computation and the rapid experimental progress 
in quantum Hall physics, the study of "anyons" — 
quasiparticles that obey fractional statistics interpolat- 
ing between the statistics of fermions and bosons — has 
gained attention not only as a fascinating academic topic 
but also as one of applied value. In certain systems[H, 0| 
the detection of anyons would establish the existence of 
topological order [3(. The quantum Hall (QH) effect, 
where electrons are trapped in two dimensions in the 
presence of a magnetic field, provides the paradigm for 
anyon-hosting many-body systems Q . A variety of theo- 
retical proposals [EM 0,11] an d experimental attempts [§| 
have pursued the detection of fractional statistics quasi- 
particles. While much of the understanding of anyons 
in these geometries has stemmed from the edge-state de- 
scription (Io| of QH quasiparticles, an involved investi- 
gation of anyon bulk correlations Q has received less 
attention, as has the problem of mapping the bulk corre- 
lations to the QH edge. In that anyons are intrinsically 
two-dimensional, a study of their bulk properties is much 
called for. In this Letter we formulate and analyze the 
anyon correlators in the presence of a magnetic field in 
the lowest Landau level (LLL). We show that these cor- 
relators contain valuable information on statistics. In the 
presence of boundaries we demonstrate that these bulk 
correlations become manifest in edge-state properties. 

The objects of our attention are the single-particle ker- 
nel Ki(ff,fi), which is the amplitude for a quasiparticle 
to propagate from an initial point fi to a final point rj, 
and the two-particle kernel Kzijryf, v^f, ru, r%i), which is 
the amplitude for two quasiparticles starting at points fu 
and ?2i to end at points f\t and f*2/ (see Fig. [T]). As elu- 
cidated in what follows, the single-particle kernel K\ lies 
at the heart of observable single-particle quantities such 
as two-point quasiparticle correlations along a QH edge 
and inter-edge tunneling matrix elements. As for K2, his- 
torically, two-particle kernels have played an ubiquitous 
role in a wide range of settings from particle scattering 
in nuclear physics to quantum optics and astrophysics 
phenomena whose study was instigated by the studies 
of Hanbury Brown and Twiss 



FIG. 1: Two representative configurations for anyons starting 
at points fu and f*2j to end at points f\f and F2/. As the 
particles are indistinguishable, it is not possible to determine 
which of two possible paths I and II each particle took. 

to scatter at an angle of ir/2 is zero in the absence of a 
magnetic field [ll], [l3[ and that fermions tend to "anti- 
bunch" while bosons tend to "bunch." Our analysis of 
the kernel K2 will show that the situation is dramati- 
cally altered by the presence of a magnetic field and that 
statistical effects in anyons are distinctly different from 
those in fermions and bosons. 

Our starting point is a two-dimensional system of two 
anyons in a perpendicular magnetic field, whose com- 
mon wavefunction by definition picks up a phase of e" rl/ 
(e~ J7riy ) upon anticlockwise (clockwise) exchange of parti- 
cles. The real parameter v lies in the range — 1 < v < 1. 
The limiting cases of v = and v = 1 correspond to 
bosons and fermions, respectively. Such LLL anyon mod- 
els provide an effective description of quasihole excita- 
tions associated with the addition of vortices to the QH 
bulk [H, [l6j . In particular, for Laughlin states [la ] 
quasiholes have fractional charge q = e/m and anyon 
phase v = 1/m, where m is an odd integer [3], 17, [l8| . 



11, 121. It is well known 



that the amplitude for two incoming fermions in vacuum 



While it is known that interactions can alter anyon corre- 
lations in vacuum in the absence of a magnetic field [3] , 
as a simple and realistic case, we treat the anyons as non- 
interacting. Coulomb interactions do exist between QH 
quasiholes but they are expected to be screened by the 
background charge and can be treated perturbatively [f| . 
Thus, our treatment of the two-anyon model ought to be 
applicable to QH excitations on lcngthscales much larger 
than the magnetic length. 



The Hamiltonian for two anyons in a perpendicular 
magnetic field B = Bz, in terms of center of mass and 
relative variables, has the decoupled form 



kernel takes the explicit form 
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We make the particles into anyons by requiring that when 
the two particles are exchanged in a clockwise fashion 
their wavefunction gains a phase factor e mv . Note that 
in an alternate formalism, the phase factor can be gauged 
out of the wavefunction by treating the anyons as bosons 
carrying flux lines which can be incorporated into the 
Hamiltonian [lq . Here the anyons are assumed to each 
have mass fi (which is immaterial when states are pro- 
jected to the LLL) and charge q. The symmetric gauge 
is assumed for the vector potential A = B(—yx + xy)/2. 
The center of mass co-ordinate and momentum are given 
by R = (ri + r 2 )/2 and P = pi + p 2 while the relative 
co-ordinate and momentum are given by f = r\ — r 2 and 
p= (pi — p 2 )/2, respectively. The Hamiltonian can also 
be employed to study the properties of a single particle 
by restricting it to the (R, P) sector where the variables 
now describe the co-ordinate and momentum of the single 
particle. 

The eigenstates of Eq. (JJ) are products of eigenstates 
for the center of mass and relative coordinate systems. 
In the LLL, the center of mass eigenstates are given by 
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where n = 0, 1, 2, The complex parameter Z — (X + 

iY)/l represent the components of R, rescaled by the 
magnetic length I = yj hc/eB. The relative-coordinate 
eigenstates are given by 
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where p = 0, 1, 2, . . ., and z = (x 
rescaled components of r. These relative-coordinate 
eigenstates respect the anyon property. 

We are now equipped to evaluate the single- and two- 
particle kernels, defined in imaginary time r, by 

Ki(Rf,Ri) =T,nMRf)r n (Ri) e- E ^l\ 
K 2 (f lf ,r 2f ;f u , r 2i ) = £„ Vn(£/)C(£) e~ E ^ h 

x£ P M?f) WW e- E "^ n . (4) 

In the LLL, all energies E n are degenerate, and so we 
set them to zero. Thus the kernels have no explicit time 
dependence. In terms of Eqs. (|2l3p . the single-particle 
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and the two-particle kernel takes the form 
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It must be remarked that, through different reasoning, a 
similar form for K 2 was presented by R. Laughlin in Ref. 

In the limiting case of fermions/bosons, it can be 
shown that the two-particle kernel can be separated into 
products of individual paths, i.e., K 2 (rif,r 2 f]rii,r 2 i) = 
Ki(fif-,fu)Ki(r 2 f,f 2 i) =F Ki{r 2 f\ru)K\{r\f,r 2 i). From 
this property, several consequences follow. In particular, 
in the case of Fig. QJi, K 2 can only vanish if the magni- 
tudes of the kernels along paths of type I and II equal 
each other. This condition implies that (zi/ — ^2/)(^*j — 
z 2i ) is imaginary, or, in other words, that f\f — f 2 f is 
perpendicular to r±f — r 2 f (9 = tt/2). Furthermore, for 
the two separable parts to cancel one another, their phase 
difference is required to be 0/tt for fermions/bosons. This 
second condition translates to the requirement that the 
quantity eBz- (fu—f 2 i) x (f*i f—f 2 f)/(hc) be an even/odd 
integer for fermions/bosons. A geometric interpreta- 
tion of these arguments is that K 2 vanishes when the 
phase difference between paths of type / and II is ir and 
that the phase is given by the sum of the Aharonov- 
Bohm phase picked up by the loop in Fig. [TJ a and 
the phase tt/0 due to anti-clockwise exchange of the two 
fermions/bosons. Upon setting B = 0, one retrieves the 
result that in the absence of a magnetic field, the two- 
particle kernel vanishes at an angle 8 = tt/2 for fermions. 

For the case of anyons, neither the two-particle wave- 
function nor the two-particle kernel is of a separable 
form. However, a detailed analysis [2(| of the two- 
particle kernel shows surprisingly that the geometric ar- 
guments presented above still hold. Thus, in the con- 
figuration of Fig. [TJ a, the two-particle kernel van- 
ishes for the same conditions stated for fermions and 
bosons except that the statistical phase picked up by the 
anyons for a closed loop along the fu — » fi/ direction 
is ±7r/?n for a clockwise/anticlockwise loop. Hence, as 
shown in Fig. [2ja,, the kernel vanishes along the direction 
6 = tt/2 for a discrete set of radii satisfying the constraint 
r 2 /m = (n - 1/2 + I/(2m))7r. 
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FIG. 2: Plots of the two-particle kernel corresponding to the 
configurations in Fig. [TJin which the particles lie on a circle. 
The configurations correspond to (a) Zu — —z%i — r,Z\f — 
—Z2f — re' 9 , which shows zeros of the kernel at specific radii 
and angle 9 — tt/2 and (b) zu = —z\j = r,Z2i = —Z2f = 
re 1 ^ , which shows power-law dependences of the kernel as a 
function of r and <j> for small arguments. 

The two-particle kernel clearly exhibits features that 
reflect the exclusion statistics of anyons [21| . As a spe- 
cific instance, for the case shown in Fig. QJ>, we find that 
as <j) — > 0, the kernel exhibits the power-law dependence 
K2 ~ |0| 2 / m . Physically, the amplitude for two-incoming 
anyons to start at nearby points and to have a small scat- 
tering angle vanishes as the angle becomes smaller. As 
another instance, the probability that two anyons are a 
distance V apart is related to the two-particle kernel 
whose arguments are fu = ri/ =0 and r-n = r^f = f. 
For this case, in the limit of small separation, the kernel 
has the limiting form K2 — > r 2 / m as r — > 0. For the limit 
m = 1 , we reproduce the result that the probability that 
a fcrmion is at a given distance V away from another 
fermion is proportional to r 2 . On the other hand, in the 
limit m — ► 00, for small enough separation, one parti- 
cle does not experience the existence of another, which 
is indeed the situation for condensed bosons. For any 
intermediate value of m, the power-law behavior shows 
that the presence of one particle excludes that of another 
(thus rendering Laughlin quasiparticles to be fermion- 
like), and that this anti-bunching property becomes more 
pronounced for smaller values of m. 

Having analyzed bulk features of the kernels, we turn 
to finite size geometries that are of relevance to the phys- 
ical setting of the Hall bar. By studying the properties 
of the single-particle kernel in a geometry such as the 
one shown in Fig. [3J we provide a simple picture for de- 
riving correlations along the edge and justifying assump- 
tions made for single-particle tunneling events in previ- 
ous treatments. The system is assumed to be confined 
along the y direction via a potential V(y). The Landau 
gauge A = —Byx proves to be convenient for such a case. 
The corresponding single-particle eigenstates are of the 
form ip kt „(x,y) = e lkx fk, n (y), where the function f kt „ 
depends on the confining potential and the momentum 
k = 2irp/ L x along the x direction, where p is an integer 
and L x is the length of the strip. 

We first consider the simple illustrative example of no 
external potential V(y) except for hard boundaries con- 
fining the strip to a width L y centered at y = 0. In the 
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FIG. 3: Quantum Hall state in a strip geometry of length L x 
and width L y in the presence of a confining potential V(y). 
States are filled to a Fermi energy Ef. Tunneling across the 
strip can take place via impurities denoted by Ui. 

LLL (n = 0), the eigenfunctions /o,fc are Gaussian pack- 
ets proportional to exp[— |J| (y+ ^§r) 2 ], where k ranges 
from —eBL y /(2hc) to eBL y / (2Hc). The single-particle 
kernel can be evaluated using the relationship Eq. ([?]). 
We describe the salient features of the kernel (details are 
presented in Ref. For large width L y I, the 

kernel reproduces the behavior K\ ~ exp[— (z% — Zf) /4] 
when the points are well within the bulk or on oppo- 
site edges yi = —yj = L y /2 . In the large width limit, 
if the two points however lie along the same edge, i.e., 
Hi = Uf = L y /2, in the limit (xi — a?/) 3> I, the kernel 
obeys the power-law dependence K\ ~ \j\xi — Xf\. This 
behavior is consistent with the power-law decay obtained 
from the edge-state picture for integer filling v = 1. In 
the interesting case of the width becoming comparable to 
the magnetic length, the kernel shows oscillations with a 
wavelength of about 4irl 2 /L y which become pronounced 
when the two points lie on opposite edges. This oscilla- 
tory behavior suggests that finite-size effects in realistic 
situations could cause significant deviations from predic- 
tions for extended systems. 

As an application of the single-particle correlator rel- 
evant to several experiments and proposals, we now 
consider tunneling between integer quantum Hall edges 
caused by translational symmetry breaking along the x 
direction. As a simple model, we introduce localized im- 
purities of the form 

U{x,y) = 2J U n S(x - x n ) 6(y - y n ), (7) 

n 

which act as scatterers. In the absence of a confining 
potential, all k states are degenerate and the scatterers 
cause mixing between all states. In reality, as shown in 
Fig. [3j b, the confining potential breaks the degeneracy, 
and electrons fill states up to a Fermi momentum kp 
and an associated width L y = 2yp. The confining po- 
tential produces an effective electric field along the edge, 
£ = —(dV/dy) y=yF . Electrons experience a drift veloc- 
ity given by vf = c\£/B\ and they move in opposite 
directions along the top and bottom edges. Treating the 
scatterers within the first-order Born approximation and 
assuming a linearized potential close to each edge (and 
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thus a linearized dispersion about the Fermi energy), we 
find that the scatterers couple each k state to correspond- 
ing ±fc states [ill- The associated reflection co-efficient 
for a right-moving edge state k f» kp to scatter to a left- 
mover k sa — fop is given by 
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The reflection co-efficient is directly related to the ma- 
trix element for particles to tunnel between edge states. 
Implicitly, it involves the single-particle propagation am- 
plitude to traverse from one edge to another. Our method 
is simple enough that it can go beyond the strip geome- 
try to any smooth confining potential and configuration 
of tunneling sites. 

The form of Eq. © has several noteworthy features. 
As expected, the tunneling matrix element for each im- 
purity decays exponentially over a magnetic length. For 
an impurity localized on an edge at a point Xi, tunnel- 
ing to the other edge occurs along the shortest path. 
The treatment here was for fermions of charge e. In 
principle, we expect an identical form for any particle 
having charge e* with this charge replacing e, in which 
case the decay of the bare tunneling matrix clement is 
enhanced/suppressed by a factor e*/e in the exponent. 
This reasoning is consistent with derivations of tunneling 
matrix elements that explicitly use the Laughlin wave- 
function [2^ . For the situation of more than one impu- 
rity, the reflection coefficient is sensitive to interference 
effects coming from multiple paths. In the case of two im- 
purities of equal strength lying on either edge at points x\ 
and X2, reflection processes off the two impurities have a 
phase difference of 2kp(x2 — x\) = 2eByp(xi — x\)j(hc). 
Thus, as phenomenologically described in Ref. [1], we ex- 
plicitly sec Aharonov-Bohm interference coming from the 
particle traversing two different paths enclosing a rectan- 
gular area of length x\ — X2 and width 2yp. 

In conclusion, we have derived and analyzed the form 
of two ubiquitous entities - the single-particle and two- 
particle anyon kernels - in the physically motivated situ- 
ation of charged particles in a magnetic field in the LLL. 
We have shown that the two-particle kernel in the quan- 
tum Hall bulk contains information on statistics which is 
strikingly manifest in the zeros of the kernel. We have 
shown that the single-particle kernel in a finite geome- 
try provides a faithful means of understanding features 
of bulk mediated tunneling between edge state quasipar- 
ticles, such as the tunneling amplitude and Aharonov- 
Bohm physics in a system with two tunneling centers. 
In principle, some of our predictions for the two-particle 
kernel ought to translate to realistic gate-defined Hall 
geometries. At the very least, our studies show that a 
complete explanation of experiments that measure two- 



particle properties, whether of bulk or edge-state quasi- 
particles will need to take into account correlations and 
exclusion effects in the bulk. More spectacularly, our 
studies indicate that in the future, it may be possible to 
perform experiments in quantum Hall geometries, per- 
haps involving multi-edge tunneling, wherein correlations 
show signatures of fractional statistics in angular depen- 
dences such as those observed for fermions and bosons in 
scattering experiments. 
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